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The core-polarization contributions to spin density in cadmium have been obtained using the moment-
perturbed (MP) procedure and leads to increases of 10 and 179%, in the isotropic Knight shift (K;) and
the relaxation rate (T7:7)7! at 0°K. The core-polarization effect is dominated by the s part of the wave
functions of the conduction electrons on the Fermi surface, and therefore produces only a small departure
(1.8%) of the Korringa ratio, R= (K717 )expt/ (Ks*T17T)idear. Additionally, the small importance of the
p-type core polarization indicates that the p component of the conduction-electron wave function has no
significant influence on the Knight shift. A comparison of our theoretical results for K and (7:7T)! leads to
empirical enhancement factors of 7,=1.89 and 7 =3.10, which are factors 1.6 and 2.4 larger than the
predictions from the current-exchange enhancement theories for susceptibility. Possible sources for the

origin of this discrepancy are discussed.

I. INTRODUCTION

HE divalent hcp metals (Be, Mg, Cd) present
interesting trends! in their structural, band and
hyperfine properties. Beryllium and magnesium have
nearly equal ¢/a ratios, whereas the c¢/a ratio of
cadmium is much larger. On the contrary, beryllium
resembles cadmium more closely in its effective mass
(related to density of state) than magnesium, which has
an effective mass close to the free-electron value. The
isotropic Knight shift K, and the exchange enhance-
ment effects on Pauli paramagnetic spin susceptibility
for these three systems also present a very interesting
comparison. The isotropic Knight shift in beryllium?
is very small (—0.0025%,) and negative whereas it is
significant and positive for magnesium?® and cadmium.*-®
The Pauli spin susceptibility X,, for beryllium, measured
experimentally® from the area under the spin-resonance
curve, is a factor of 3 smaller than the theoretical value,
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Xpand, Obtained from the density of states” at the Fermi
surface. This suggests a deenhancement on the theo-
retical value of spin susceptibility Xpana. The situation
in magnesium! appears to be opposite in this respect.
An enhancement over Xpana is needed if our attempts
fit the experimental Knight shift.? The differences in
the nature of the isotropic Knight shift in beryllium?
and magnesium® have been explained by a combination
of differences in the angular momentum character of
wave functions on the Fermi surface and opposite signs
for the p-type core-polarization effect for the two
metals, the latter playing a rather crucial role.

The purpose of this paper is to present the results of
our investigation on the effects of core polarization on
the isotropic Knight shift and relaxation time in
cadmium. From this analysis, one can make inferences
about the importance of exchange enhancement effects
on the paramagnetic spin susceptibility and relaxation
rate. It is also interesting to compare the Korringa®
constants in the three metals. The two major sources
which alter the Korringa constant from its ideal non-
interacting value are core-polarization (CP) and ex-
change-enhancement effects. A study of the Korringa
constant in beryllium is not very meaningful, since we
do not understand the sign of K, as yet. The Korringa
constant in magnesium® was predicted to be quite
different from the free-electron value, this departure
being mainly due to a combination of non-s core-
polarization and exchange-enhancement effects. It is
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1 EFFECT OF CORE POLARIZATION

interesting to find out if the observed departure of the
Korringa constant in cadmium from its noninteracting
value is due more to a core polarization or exchange
enhancement. For these reasons, a CP investigation of
cadmium is very important.

There is a further important reason for studying the
CP effect in cadmium. A strong temperature dependence
has been observed*?® for K in cadmium. Kasowski and
Falicov!® have recently proposed an explanation of the
large temperature dependence of metallic cadmium
based on the influence of electron-phonon interaction
on the pseudopotential and through this on the wave
functions. Kasowski and Falicov have considered the
direct contribution to the spin density from the s com-
ponents of the wave function. A substantial contribu-
tion to K, from non-s components through the CP
mechanism can lead to an additional source of tem-
perature dependence.

II. PROCEDURE AND RESULTS

We shall briefly describe our procedure for evaluating
the direct and CP contribution to the spin density and
then present our results for the Knight shift and relaxa-
tion time at 0°K. The direct contribution to the Knight
shift, K% is given by the well-known expression!!

8
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where X,, is the Pauli-spin susceptibility per unit volume,
V, the volume of the entire crystal over which the con-
duction-electron wave functions are normalized and
{|¥xr(0)|2)av is the averaged direct spin density at the
nuclear site R; of conduction electrons at the Fermi
surface. This average is carried out by the usual pro-
cedure! ® using the local density of states.

The conduction-electron wave functions can be
written as a linear combination of orthogonalized plane
waves12:13 (OPW) in the form

Yi(r) =§ C(k+K)OPW(k+Kr). 2

In our earlier calculations on beryllium® and mag-
nesium,! the coefficients C(k+K) were obtained by
solving the requisite secular equation using the actual
potential.’*15 Since no actual potential calculations are
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available for cadmium, we have instead made use of the
coefficients C(k+K) derived for plane-wave basis sets!®
using the nonlocal pseudopotentials obtained by Stark
and Falicov.?

With these wave functions, the spin density at the
nuclear site R; may be expressed in the form

(R =] okt K)o 2% i) @), 3)
where

a(k+K) =C(k+K)[1-3 0,0)b,(k+K)].  (4)

©,(r) is a core wave function belonging to core state !
and @ is the volume of the Wigner-Seitz cell. The
orthogonalization parameter b,(k+K) is expressed in
the form

bu(k+K)=(0,(r) [ 7+ 5). (5)

For purposes of simplification one may be tempted
to neglect the variation of b,(k+K) with K. This
approximation reduces |¢x(R;)|2 to the form

hbk(Rj) I 2approx= 02! q)k(Rj) l 2 ) (6)
where
0= 1-3 0,0)b.(kp) 2 (7)
1—(1/90)2: bt2(kF)[ ¢ O
and

B(R) =% ClAK)eies 2, ®)
K

In Eq. (7), kr, the Fermi momentum in the free-electron
approximation, is 0.747 a¢™!, @, being the Bohr radius.
Such an approximation has been utilized in recent liquid-
alloy work.!® While it may be justified in the liquid
where K varies continuously, its validity in solid is
questionable because K’s are now restricted to be
reciprocal-lattice vectors. In Fig. 1 we have presented
[1/(47)Y2]b,s(k) as a function of % using neutral-atom
Hartree-Fock wave functions!® for the core states.
While b,(k) changes very little with % for the tightly
bound inner core states, for the outermost 4s core state,
the variation with & is considerable. The influence of
this approximation on the spin density for cadmium
will be discussed while considering our results.

For the evaluation of the CP contribution to Knight
shift, arising from the exchange polarization of the core
electrons at the Fermi surface in the presence of a
magnetic field, we have utilized the moment-perturba-
tion (MP) procedure.?® The pertinent expression for
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18 N, C. Halder, Phys. Rev. 177, 471 (1969).
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Fi1c. 1. Plot of orthogonalization parameters {1/ (4m)27b,, (k) }
corresponding to the four s cores of cadmium in units of ap*2 as a
function of %.

this contribution to Knight shift is given by

8r
K= =GV ([r(R) )™, ©)
where

(|#ar(R) [ar®" =2 Re Zti [(o¢e| Hr(kr) | o)

—tZt.‘, (0¢:|pu )@ | Hu(kr)|o)]. (10)

In Eq. (10), the summations ¢ and ¢’ extend over all the
s core states. Hg(ky) istthe difference in the exchange
potential for spin-up.and spin-down core electrons when
there is a surplus of one conduction electrons at the
Fermi surface in the spin-up state and is given by

2
Ha(k)ohts) =Vin(rs) / Ve (e —da. (1)
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The function é¢; represents the perturbation in the core
function produced by the Fermi-contact interaction
with the nuclear moment. The perturbation equation
for 6¢: and the procedure for its solution are described
in the literature’7.20:2! and will not be repeated here.
The terms %1 in Eq. (10) arise out of the nonorthog-
onality effects?? involving the perturbed core states.
The Fermi-surface average in Eq. (10) has to be carried
out in the same manner as that for the direct Knight
shift X ,% The CP spin density in Eq. (10) can be shown
to have contributions from various angular components
(!=0,1,2) of the conduction-electron wave function.
The notations (|¥us(R;) | Havo®, ([¥ir(R;) | DavOP 7, and
([¥wr(R;) | 2avCF ¢ will be used for the s-, p-, and d-type
CP contributions to spin density.
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For the actual calculation of the spin density in
cadmium, we have considered the two major segments
of the Fermi-surface, called the “lens” and the
“monster.”'® The averaging over the Fermi surface for
the direct spin density was carried out as a first step by
a proper scanning of 1/24th of the surface of lens and
monster. The contributions to the spin density from a
distribution of points on each of the two segments of
the Fermi surface were then combined through the
local density of states.!8 The resulting spin densities in
units of 1/V from lens and monster are

{|¥p(R;) | 2ay®lens=258.7 (12)

(13)

and
<I¢kF(RJ) I 2>avd,monster: 397.6 .

Next these individual contributions have to be com-
bined according to the relative surface areas!® of lens
and monster. An examination of the relative surface
areas through Harrison construction? gives a ratio of
5:1 for the surface areas of monster and lens. An
examination of the Fermi surface dimensions from the
radio-frequency size-effect measurements,? however,
indicates that the ratio is somewhat smaller and is
probably closer to 4:1. Using the latter ratio and Eqgs.
(12) and (13) the final averaged direct spin density in
units of 1/V is

([#1cr(R;) | )av?=369.9. (14)

If the ratio 5:1 had been taken, the corresponding
value for the spin density would be equal to 374.4836,
which is not substantially different. For the analysis
of the Knight-shift K, and relaxation time 7; we
prefer to use the spin density in Eq. (14). For the
approximation of constant b(k), the important quan-
tities for the evaluation of the approximate direct spin
density in Eq. (6) are

0%=3534.9 (15)
and
(| brr(Rj) | H)av=0.7576. (16)
Thus, the resulting approximate spin density is
(IllbkF(RJ) I 2>av. approx — 405.2. (17)

This approximation is seen to produce a substantial
overestimation of the spin density over the value in
Eq. (14) (by about 10%).

The second important quantity in the evaluation of
K, is the Pauli paramagnetic spin susceptibility X, in
Eg. (1). Kasowski and Falicov, from an earlier calcula-
tion? of the band density of states, have obtained a
value for the spin susceptibility.

Xpana=0.54X107° cgs vol units. (18)
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TaBLE I. Core-polarization contributions to Knight shift (in %) from the s, p, and d angular components of the
conduction-electron wave function from each of the four s cores of cadmium.

Individual core contributions to K°P (in %) Direct
Segment of the Angular Knight shift
Fermi surface component IN 28 3S 45 Total K2 (in %)
s 0.0023 0.0030 0.0077 0.0044 0.0174
Monster J3 —0.0016 —0.0001 0.0009 0.0027 0.0019 0.1799
d 0.0 —0.0006 0.0 0.0005 —0.0001
s 0.0014 0.0018 0.0045 0.0026 0.0103
Lens b —0.0017 —0.0001 0.0010 0.0029 0.0021 0.1170
d 0.0 —0.0009 0.0 0.0005 —0.0004
Averaged s 0.0021 0.0027 0.0070 0.0040 0.0158
over the ? —0.0016 —0.0001 0.0009 0.0027 0.0019 0.1673
fermi surface d 0.0 —0.0007 0.0 0.0005 —0.0002

Combining this with the direct spin density in Eq. (14),
the direct Knight shift turns out to be

K,4=0.1673%,. (19)

The CP contribution to the Knight shift K,C? was
calculated using the same choice of Xpana, and the
appropriate results are displayed in Table I. In Table I
we have listed the contributions to Knight shift from
the various angular components (/=0,1,2) of the
conduction-electron wave functions resulting from the
polarization of each of the four s-core states of cadmium.
In order to understand the relative angular character of
the conduction electrons on monster and lens, we have
also listed in Table I the CP contributions to K, for
both the segments. The last column presents the direct
contribution to Knight shift to facilitate comparison
with the CP. contribution. The contributions from the
individual segments, monster and lens, are then
weighted by their relative surface areas 4:1 to yield the
final averaged direct and CP contribution to Knight
shift. For the CP calculations, as in the case of direct
Knight shift, we have again made use of the Hartree-
Fock core wave functions?® for the neutral atom.

K C® from the s part of the conduction-electron wave
function (K,C€F-9) is seen to be composed of comparable
contributions from the various core states with the same
sign. The relative contributions from various core states
is determined by the combination of two factors, the
strength of the exchange with the conduction electrons
which is stronger for the outer cores and the density of
the nucleus which is larger for the inner cores. The
combination of these two factors seems to make the CP
contribution from the 3s core the largest. In the case
of the CP contribution to K, from the p part of the
conduction-electron wave function (K,°F:»), there is,
however, a much more drastic variation from core to
core, both in magnitude and in sign. While the core
contributions to K,°P:? are individually smaller than
that for K%, the combination of opposing contribu-
tions from the various core states makes K CF:? about a
factor of 8 smaller than K,C?:¢. The contributions from
the higher /! components of the conduction-electron
wave functions, as evidenced from the d contribution

to K CP (K,°P.9) in Table I, are negligible. Combining
the CP contributions to K, from the s, p, and d parts of
the conduction-electron wave functions, one has the
total CP contribution to Knight shift,

K ,CP=0.0175%,. (20)

It is interesting to compare the small, but positive,
contribution to K, in cadmium with the substantial
positive value in magnesium! and substantial negative
value in beryllium.? In the last mentioned case, K,CF:»
has the actual decisive effect in cancelling a substantial
part of the contribution whereas in the case of mag-
nesium, it substantially helps the agreement of K, with
experiment. This variation in K,°? over the three
metals reinforces the conclusion that one cannot in
general predict either the sign or the magnitude of
K.CP.» without actual calculations as in the case of
atoms.26:27

It is also interesting to note that K;°%+¢ in cadmium
is about a factor of 2 larger than that in magnesium,!
but is actually a smaller fraction of total Knight shift.
This is well understood, since the monster in cadmium
has strong s character, unlike that in magnesium, thus
resulting in a much larger direct Knight shift in
cadmium. The small K,%F:» obtained from our calcula-
tion has an important implication for the temperature
dependence of the Knight shift in solid cadmium. The
observed anomalous temperature variation in solid
cadmium has recently been explained!® by an increase
in the s character of the wave function with increas-
ing temperature. Had K °P:» been substantial and
especially had a negative sign, the change in p character
would have been an important factor for the tempera-
ture dependence of K,. Our results in Table I indicate
that this is not the case in cadmium. However, in the
case of beryllium® where the above stated condition on
K, CP? does apply, the change in the p character is
expected to be an important contributor for the tem-
perature dependence of K, (about 309, increase from
4.2°K to room temperature?).

26 N. C. Dutta, C. Matsubara, R. T. Pu, and T. P. Das, Phys.
Rev. 177, 33 (1968).

27 N. Bessis, H. Lefebvre-Brion, C. M. Moser, A. J. Freeman,
R. K. Nesbet, and R. E. Watson, Phys. Rev. 135, A588 (1964).
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To compare the theoretical value of the Knight shift

at 0°K,
K,=0.18489, (21)

with experiment, the experimental Knight-shift curves
for variation of K, with room temperature was extrap-
olated to 0°K, leading to the experimental value of
0.35%,. Thus, for theory and experiment to agree, one
needs an empirical enhancement factor

n,=1.804, (22)

This enhancement factor may be the result of a com-
bination of enhancement effects associated with X, and
additional mechanisms! contributing to K,. Kasowski
and Falicov!?in their recent calculation obtained a value
of 1.55 for the empirical enhancement factor. The
apparent disagreement between our value and theirs
may be due to a combination of two reasons. First, they
have neglected the core-polarization contribution to
spin density. Secondly, they have utilized the atomic
core wave functions due to Herman and Skillman?
which were obtained using the Slater approximation?
for exchange. In our calculation, we have utilized the
Hartree-Fock core functions obtained by Mann.? Due
to the approximate nature of the Slater approximation,
the Herman and Skillman functions can differ sub-
stantially from the Hartree-Fock functions. In par-
ticular, using kr=0.747a,7%, the value of 0% in Eq. (7)
for Herman-Skillman core wave functions? comes out
as 585.9, compared to the value of 534.9 one gets using
Mann’s Hartree-Fock wave functions?!? for core states.

We would like next to analyze the effects of core
polarization on the relaxation rate and Korringa con-
stant. The appropriate expression!!30:3! for the relaxa-
tion rate is given by

1 1 d+CP,s
<T1T>mf<~TT:F)

1 1 CP,p 1 1 CP,d
(=) ) @
3\T\T S\T\T

where
(i>d=A[<ka<Rj>!2>de2, (24)
YAYA
1 d+CP,s
(T1T> AL (R) 2
(R [, (25)

and

1 CcP,l
(T—T—) ALY (R) B2, 150 (26)

28 F. Herman and S. Skillman, Atomic Structure Calculations
(Prentice-Hall, Inc., Englewood Cliffs, N. J., 1965).

2 7. C. Slater, Phys. Rev. 81, 385 (1951).

% S. D. Mahanti, and T. P. Das (unpublished); S. D. Mahanti,
Ph.D. thesis, University of California, Riverside, California
(unpublished).

3L A. Narath and H. T. Weaver, Phys. Rev. 175, 373 (1968).

GASPARI,

AND MAHANTI 1

with

16
A= —9—T3h37e27n2k3g2(fﬁ) ve. 27

In Eq. (27), v, and v, are, respectively, the electron
and nuclear gyromagnetic ratios, g(ep) is the band
density of states per conduction electron at the Fermi
surface, and kg is the usual Boltzmann constant.

Using Eqgs. (24) and (25), our calculated direct and
CP spin densities, and the density of states from the
band calculation, the relaxation rate at 0°K is calcu-
lated as

1
<-—) =0.5756 (deg sec)~1. (28)
tot

T

The direct spin density alone gives for (7:7)7% the
value 0.4789 (deg sec)~! while the inclusion of s-type CP
spin density increases it to the value in Eq. (28). The
p-type CP contribution to spin density being relatively
small (Table I) affects the relaxation rate in the fifth
significant figure and can be neglected. We find the
experimental value of (7:7)~' at 0°K through the
quoted Korringa ratio,’ R defined by the relation

R=(K2T1T) expt/ (K:2T1T) 1dca1 (29)
with
(K*T1T) k (Yo/vn)? (30)
s L1 ideal = Ye/Yn)"
drkp

The experimental Korringa ratio is found to be inde-
pendent of temperature® and is given by

Rexvt=1.1765. (31)

On combining this experimental value (0.35%) of K, at
0°K, the experimental value for the relaxation rate at
0°K is deduced to be

(I/TIT)expt: 1.7860. (32)

A comparison of the relaxation rate in Egs. (28) and
(32) indicates that an empirical enhancement factor

nar=23.103 (33)

is required to match experiment. For the Korringa
ratio, our theoretical results for K, and 717 in Egs. (21)
and (28) lead to

Rcptheor=1,018. (34)

The small departure (1.8%) of Rtheor from unity is a
result of the influence of the weak p-type CP effect on
Knight shift. The explanation for the difference between
Rcptheor and Rexpt has thus to be sought elsewhere.3?

3 While an actual calculation is necessary to arrive at a definite
conclusion, one does not expect the CP effect in the liquid to be
of any greater importance than in the solid. Thus, the experi-
mentally observed departure (Ref. 5) of R from unity has to
be sought elsewhere, perhaps through exchange enhancement
effects discussed subsequently for the solid phase.
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Any mechanism such as the orbital effect®®3* or the
conduction-conduction exchange!:3% process, which in-
volves different effects on (7:7)™! from s and non-s
components of the wave function can lead to a departure
of Rtheor from unity and can explain a part or all of the
difference between theory and experiment. However,
the fairly large values of 5, and 7 in Egs. (22) and (33)
suggest that exchange-enhancement effects on the
susceptibility might be responsible. If, in fact, exchange-
enhancement effects were totally responsible for 5, and
nar the Korringa ratio Rtheor would be given by

Rtheor: RCPtheor(nSZ/nM) .

It is interesting to compare ng and 5, with the pre-
dictions of current-exchange-enhancement theories due
to Silverstein®® and Moriya.?”

Silverstein’s expression®® for the exchange enhanced
susceptibility X, is

Xo=X.*/[14 (m/m*— D)X ¥ /X free], (36)

where X, is the free-electron Pauli susceptibility and X
is the exchange-enhanced susceptibility in the free-
electron approximation appropriate to the density of
conduction electrons in the metal under study. Using
the value of X=1.35X107% cgs vol units obtained from
Silverstein’s curve for the density appropriate for
cadmium and m*/m=0.54 from density of states from
band calculations,?® Eq. (36) yields

X;=0.63X107% cgs vol units.

(35)

37)
The enhancement factor ng=X,/Xb*d is thus given by
pstheor=1.17 (38)

which compares rather poorly with the empirical ratio
in Eq. (22).

For the exchange enhancement of (7:7)~%, we have
utilized Moriya’s theory®” where one carries out an
evaluation of X(q) using a é-function approximation for
the screened exchange potential between the electrons.
While this is an approximation, it is a reasonable one
for semiquantitative purposes in view of the short range
of the screened exchange between electrons in a metal.
Making a similar effective-mass approximation as in
Silverstein’s®® expression to include band effects, the

3. Obata, J. Phys. Soc. Japan 18, 1020 (1963).

3 R. Kubo, J. Phys. Soc. Japan 17, 975 (1962); R. Kubo and
Y. Obata, ¢bid. 11, 547 (1956).

(1;56% H. Vosko and R. A. Moore, Bull. Am. Phys. Soc. 12, 314

36 S. D. Silverstein, Phys. Rev. 130, 912 (1963).
37 T. Moriya, J. Phys. Soc. Japan 18, 516 (1963).
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modified®® Moriya expression is

(I/TJ.T)Moriya: (I/TIT)tot"]MtheDr, (39)
where
nartheor=([1—*F(g) Dav (40)
with
&= (m*/m)(1—X;/X). (41)

In Eq. (41), X; and X have the same meaning as in Eq.
(36). The function F(q) is the linear dielectric function
which, for a spherical Fermi surface, is given by

4kf2——q21 2k;+q‘:|
0 b
4ksq 2ks—q

o
f=

(42)

F<q>=%[1+

where ¢ ranges over 0 to 2%, for a spherical Fermi surface
and the average in Eq. (40) is carried out over this range
of ¢. Substituting for m* and for X; and X from Silver-
stein’s curve, we found {*=0.14 for cadmium and

magther=127, (43)

which is again rather small compared to the empirical
exchange enhancement factor 7, in Eq. (33).

It is intriguing that the value of 9g?/5s from Silver-
stein® and Moriya’s®® theory is about 1.08 which is not
very different from the experimental value of R in Eq.
(31). However, not much weight can be attached to this
observation in view of the strong departures of the
empirical enhancement factors from those predicted by
current-exchange-enhancement theories. Thus, the
question regarding the origin of these empirical enhance-
ment parameters is unresolved, and may require either
the estimation of contributions from other mechanisms
for the Knight shift or an improved treatment of ex-
change-enhancement effects for Bloch electrons. The
need for the latter is crystallized by a comparison with
similar empirical enhancement factors for K, of 0.31
and 2.69 in the related metals beryllium® and mag-
nesium.! The former, actually a deenhancement, is
derived from a spin-resonance measurement® of X,,, and
the latter comes from an analysis of Knight-shift data?
in magnesium similar to that used here.
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